Inequality
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Show that for positive real numbers a,b,c,x,y,z

Ty 23( Sy )

and determlne when equality holds.

Solution by Arkady Alt , San Jose, California, USA.

For convenience we will use letters a, 5,y instead letters a, b, c,respectively, and now
letters a, b, ¢ be free for using their to another work, namely leta := [y +z,

b:=Jz+x,c:= /x+y. Then numbers a,b,c are sidelengths of some acute

2 2 2 2 2 2 2 2 2
triangle with area F and since x = 2 +C2_a =5 +a2_b z=4 +b2 —C
then x +y+z = a2+bz2+c2,xy+yz+zx— 2a2b2+2b202+22a —at bt —ct _ 4
2
and inequality of the problem becomes @ g2 > 2487
qualty P ZﬂJrVa T a?+br+c?

Or, by replacing a, 8,y with x,y,z (which now became free for using) we obtain inequality
(1) xa? > 24F?
y+z = g2+ pr+c?’
which is equivalent geometric interpretation of original inequality.
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By Cauchy Inequality we obtain ), -* 3 & = Z(% + a2> ->a? =

Yat > (a+b+c) S A(a,zb,c),

where x,y,z > 0

(x+y+z)D, yciz -
where A(a,b,c) := 2ab + 2bc + 2ca —a’ - b> -2

Thus, remains to prove

A(“’zb’c) > — +2?52+ = = (@ 402+ ?)Aa.b.e) > 48F.

But letter inequality holds because a* + b% + c? > 4,/3 F ( Weitzenb6ck’s inequality)
and A(a,b,c) > 4,/3 Fis A —form of Hadwiger-Finsler Inequality) [1]
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Equality in inequality (1) holds iff =~ = be = ~—= (equality condition in Cauchy

Inequality) and @ = b = ¢ (equality condition in Weitzenbéck’s and HF inequalities),
thatisiffx =y =zanda =b = c.

Coming back to original inequality we obtain the same conditions of equality

in original notations.
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